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ABSTRACT. A quadruple crossing is a crossing in a projection of a knot or link that has four strands of the knot passing 
straight through it. A quadruple crossing projection is a projection such that all of the crossings are quadruple crossings. In a 
previous paper, it was proved that every knot and link has a quadruple crossing projection and hence, every knot has a minimal 
quadruple crossing number c^(K). In this paper, we investigate quadruple crossing number, and in particular, use the span of 
the bracket polynomial to determine quadruple crossing number for a variety of knots and links. 



1. Introduction 

In (TJ, a multi-crossing (also called an n-crossing) of a knot is defined to be a singularity in a projection such that 
n strands of the knot cross straight through the singular point. In that paper, it was proved that for every fixed n > 2, 
any given knot or link has a projection such that all singularities are n-crossings. Hence, we can define c n (K) to be the 
minimal number of n-crossings in any such projection. In that paper, triple crossing projections were considered, and 
cs(K) was determined for a variety of knots and links. 

In this paper, we continue the investigation, extending results to quadruple crossing projections of knots and links. 
For simplicity, define q(K) = c^{K). A quadruple crossing has strands at four heights, which we label top to bottom 
as 1,2, 3, and 4 respectively. Reading clockwise around the crossing, and always starting with the top strand, there are 
six types of crossings, denoted C1234, C1243, C1324, Q342, C1423, and C1432. Note that if we reflect the projection of one of 
these crossings in a line perpendicular to the strand labelled 1, we find C1234 paired with C1432, C1243 paired with C1342 
and C1324 paired with C1423. This pairing will be helpful later. 




(a) C1234 (b) C1432 (c) C1324 




(d) C1423 (e) C1342 (f) C1243 



Figure 1 . Quadruple crossings. 

Note that a singe quadruple crossing resolves into six double crossings, and hence, q(K) > where c(K) is the 
traditional crossing number. This bound is realized by a (4k, 4)-torus link L, which has four components, and is known 
to have crossing number 12k. Each meridianal half-twist is realized by a quadruple crossing, so q(L) = 2k. 

In Section 2, we consider further the relation between q(K) and c{K). In (T], it was proved that c-$(K) < c{K) - 2 for 
all knots and links except 2-braid knots, and for 2-braid knots, Ci{K) < c(K) - 1. One might hope that c(K) > ci(K) > 
Cts,(K), however, this is not the case. For example, the figure-eight knot J has ct,{J) = ca,{J) = 2. One might also hope 
that at least c„{K) > c„+i(K) for all k > 2. At this point, we do not know this. We do know that c n (K) > c n+ 2(K) for all 
k > 2. In Section 2, we prove that c^{K) < c(K), the first proof of which was given by Michael Landry. This section is 
independent of the subsequent sections. 
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In Section 3, we relate the quadruple crossing number of a knot or link to the span of the bracket polynomial. In [TTJ , 
it was shown that span{< K >) < %ci{K). Here, we show that span(< K >) < \6q(K). From this, it follows that if K 
is an alternating knot or link, we obtain a stronger lower bound q(K) > . 

In Section 4, after introducing some moves to turn a traditional projection into a quadruple crossing projection, we 
use this result to determine the quadruple crossing number of a variety of knots. We include a table of specific quadruple 
crossing number for many of the prime knots of 10 or fewer crossings. 

Further investigations into multi-crossings appear in El, where it was proved that every knot and link has a pro- 
jection with just one multi-crossing. The minimal n for which there is a single n-crossing is called the iibercrossing 
number of the knot. One can further prove that for knots, there is such a projection that resembles a flower, called a 
petal projection, so that there are no nested loops leaving and re-entering the single multi -crossing. Hence, every knot 
has a petal number, which is the least n for the single n-crossing of a petal projection, iibercrossing number and petal 
number and bounds on them were determined for a variety of knots and links. 

I would like to thank B. DeMeo, M. Montee, S. Park, S. Venkatesh and F. Yhee for helpful conversations and 
especially Alex Lin, who determined the skein relations for quadruple crossings that appear below and Michael Landry, 
who first proved Theorem 2.1 below. 

2. Upper bound on quadruple crossing number 

In this section, we prove that q(K) < c(K) for all nontrivial knots and links. We first note that q(K) < c(K). This was 
proved in [ 1], where the operation as in Figure [2] allows one to turn every double crossing into a quadruple crossing. 
The obvious generalization immediately implies c n {K) > c n+ 2(K) for all k > 2. 




Figure 2. Turning a double crossing into a quadruple crossing. 

We note the following generalization of folding, the original version of which was also introduced in pi. There, a 
closed non-self-intersecting loop in the projection plane was called a crossing covering circle if it intersected the knot 
projection only in crossings, and at each crossing, there were two strands of the knot coming out to each side of the 
loop. We call the length of the circle the number of crossings it passes through. Given such a circle that crosses an 
even number of crossings, we can perform a quadruple folding, as in Figure [3] First we take the overstrand at one of 
the crossings hit by the crossing covering circle and we stretch it around the circle as in Figure |3jb), eliminating one 
crossing in the process and turning the other crossings on the circle into triple crossings. Then we take the second 
strand making up the original crossing, and we stretch it around the circle also. But as we do so we push it alternately 
inside and outside the first stretched strand, switching as we pass through each crossing. We thus obtain a projection 
where the n double crossings that were intersected by the crossing covering circle have now become n - 1 quadruple 
crossings. 




(a) (b) (c) 



Figure 3. Using an even length covering crossing circle to turn double crossings into quadruple 
crossings. 
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Theorem 2.1. q(K) < c(K)for every nontrivial knot and link. 

Proof. From what we have said, given a minimal crossing projection P of K, it suffices to find a single crossing covering 
circle of even length, say n. Then by quadruple folding it, we obtain n- 1 quadruple crossings, and the remainder of the 
double crossings can be converted directly to quadruple crossings as in Figure [2] yielding fewer quadruple crossings 
than double crossings. 

If the projection contains a complementary region with an even number of edges, then we can take our crossing 
covering circle to surround it, passing through each of its crossings, and we are done. So we may assume that all of the 
complementary regions of P have an odd number of edges. 

Choose a crossing x. Replace the projection with the corresponding planar graph. The four complementary regions 
at x must be all distinct, since if they were not, the original projection would not have been reduced. Call the regions 
A, B, C and D. Let R = AU BU CU D. If P-R is, connected, then we can form a loop that shadows the boundary of R, 
passing alternately inside and outside the outer boundary of each of the complementary regions, as in Figure [4] That 
circle will have even length. 




Figure 4. Finding an even length crossing covering circle. 



If P - R is not connected, then two of the regions must touch each other in more than one connected component. 
Suppose two opposite regions touch each other at a second crossing y. Then we can form a circle of length 2 that passes 
through these two regions and the crossings x and y. If two opposite regions do not touch each other, say A and C, we 
can take our covering crossing circle of even length as in Figure [4] shadowing the boundary of R, to the outside on the 
boundaries of A and C and to the inside on the boundaries of B and D. 

□ 



3. Quadruple crossing number and the bracket polynomial 

In this section, we consider what the span of the bracket polynomial can tell us about quadruple crossing number. 
The bracket polynomial was introduced in B) and is defined by considering all the ways to split crossings in a fixed 
projection P of K and then taking < P >= £ A"^ A^ b< - S \-A 2 -A" 1 )^ 1 , where the sum is over all states s of P, a(s) is the 
number of A-splits, b(s) is the number of B-splits, and |s| is the number of circles in the state s. Although the bracket 
polynomial depends on the particular projection, its span is an invariant for K. 

Each quadruple crossing in a quadruple crossing projection will be one of the six possibilities mentioned above. 
When we resolve a single quadruple crossing into six double crossings and then split those crossings each in the two 
ways possible, we obtain 64 possible splittings. Many of these contain additional components, but once the components 
are removed, we are left with 14 possible splittings, four that consist of four parallel strands, called parallel splits, two 
that consist of four u-shaped components, called U splits, and eight that have two parallel components and two U 
components, called mixed splits. So the second line of the first skein relation below consists of one U split, two mixed 
splits and two parallel splits in that order. 
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Proof. This follows immediately by resolving each of the particular quadruple crossings into its six double crossings, 
and then applying the skein relation for the bracket polynomial applied to double crossings (cf. (3)) to split each of the 
crossings, eliminate the closed components and clean up the result. These relations were first determined by Alex Tong 
Lin. □ 

Given a crossing c, define the first level splits to be those splits corresponding to the highest power of A in the skein 
relation for that crossing in Theorem |3.1| The second level splits are defined to be those that correspond to a power of 
A two less than those of the first level splits, the third level splits are those that correspond to a power of A that is four 
less than those of the first level splits, etc. 

Given a particular splitting of a crossing that occurs in a state s, we can perform a split move which replaces two 
adjacent strands in the splitting by the two other strands that connect their endpoints as in Figure [5] The resulting state 
s' will satisfy = \s\ ± 1. 



)( 



-X 



Figure 5. Performing a split move on a splitting changes the resultant number of components by 
1. 

Note that each split can be obtained from any other split by a sequence of such split moves. Each move changes the 
number of components in a state by ±1. 
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Lemma 3.2. Let s be a particular state. 

(1) Changing a split in s of a given level to one of a lower level that is one split move different cannot increase the 
highest power of A in the polynomial associated to s. 

(2) Changing a split in s of a given level to one of a higher level that is one split move different cannot decrease 
the lowest power of A in the polynomial associated to s. 

Proof. In the first case, by the skein relations, the power of A from the relation will go down by at least 2. But the 
number of components in the state increases by at most 1, and therefore the additional {-A 2 -A~ 2 ) that comes from the 
potential increase in the number of components can at most offset the loss of 2 in the power of A. Hence the new state 
has greatest power no larger than the original. A similar argument holds for the second statement. □ 

Theorem 3.3. For any nontrivial knot or non-splittable link, span(< K >) < \6q(K). 

Proof. Let P be a quadruple crossing projection of K with q triple crossings. Each crossing is one of our six types. 
Define a state to be s max if it is obtained by splitting each crossing other than C1342 or C1243 as a first level split, such that 
if there is more than one first level split (as occurs for C1234), we choose a collection of first level splits that maximizes 
the number of component circles in the state. In the case of C1342 or C1243, we consider their parallel second level split. 
We use it rather than the first level split, if it intersects four components of the state or it intersects two components 
and the parallel fourth level split intersects four components. We call each of the splittings used to form s max a high 
splitting. 

Similarly, define the state s„„„ to be the state obtained by splitting each crossing other than C1342 or C1243 as a fifth 
level split, such that if there is a choice of fifth level splits (as occurs for C1432), we choose a collection that maximizes 
the number of circles in *„„•„. For C1342 and C1243, we consider their parallel fourth level split. We use it rather than the 
fifth level split if we used the second level split for s max . We call each of the splittings used to form s ml „ a low splitting. 

We first prove that there is no state with a higher power of A than s max . Any other state is obtained from s max by 
changing some number of the first level splits on the crossings other than C1342 or C1243 . By checking the four skein 
relations for the four other crossings in Theorem |3.1| we see that each of the second level splits is obtained from one of 
the first level splits by a single split move. Each third level split is obtained from a second level split by a split move. 
And so on. Similarly, each fourth level split is obtained from a fifth level split by a single split move, etc. 



Thus, in the cases of 01432,01324 and 0^23, where there is only one first level splitting, Lemma 3.2 implies that 
changing the first level split to a second level split results in a new state that has greatest power no larger than the 
original. 

In the case of C1234, where there are two first level splittings, each second level splitting is one split move away from 
one of the first level splittings. If we change the first level splitting in s max to a second level splitting and that splitting 
differs from the first one by one split move, then the number of components can go up by at most one, and the greatest 
power of A is unchanged. If we change the first level splitting to a second level splitting and the number of components 
goes up by at least 2, then the other first level splitting, which differs from the second level splitting by only one split 
move, would have generated more components for s max than did the one we had, a contradiction to our procedure for 
choosing the splittings that form s max . 

Finally, we consider the pair of crossings C1243 and C1342. Except for the parallel second level split, all other second 



level splits differ from the first level split by one split move, and hence Lemma 3.2 shows that we cannot increase the 
highest power of A by switching to one of those. The same holds for the third, fourth and fifth level splits. Suppose now 
that the parallel second level split is used in s max . Then there are two cases. It could be that the parallel second level 
split generates four components, which implies that the the first level split and the fifth level split each generate one 
component and the parallel fourth level split generates two. Or it could be that the parallel fourth level split generates 
four components, while the parallel second level split generates two components and the first level and fifth level splits 
each generate one component. In either case, changing this split cannot yield a higher power of A, since in the first 
case, the highest power of A in the polynomial term of the parallel second level split beats that of the first level split by 
A 4 and in the second case, the highest power of A in the polynomial term of the parallel second level split ties that of 
the first level split, and no other split has a higher power of A in its polynomial term than the first level split. 

The same type of arguments apply to show that the polynomial term of s mi „ possesses the lowest power of A. 

Given a projection P, define Mp to be the highest exponent of A in the polynomial term associated to s max and mp to 
be the lowest exponent of A in the polynomial term associated to s m ,„. 

Let \cyk\ be the number of crossings of type in P. So Slc^l = q. According to the skein relation, 

M P < 6|ci432| +4(|ci342| + |ci243| + kl324| + kl423 1) + 2|ci 2 34| +2\s max \-2 
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m P > -2|ci 432 | -4(|C13 42 | + |C1243| + kl324| + \ci423\) ~ 6\c m4 \ - (2\s min \ - 2) 



Hence, 



span(< K >) <Mp-m P < 8S|c,^| + 2(|w| + Km\)-4 
= 8^ + 2(|i mfl . v | + \s min \)-4 

Thus, it suffices to prove that |s /mu: | + |s ml -„| < 4q+2 for any connected quadruple crossing projection with q quadruple 
crossings. 

We apply induction on q. If there is a single quadruple crossing, the single splitting for s max is determined by the 



type of crossing, but in all cases the high splitting will either be a U-splitting as in Figure 6(a) or a parallel splitting as 



in Figure 6(b) and 6(c) allowing for rotation. If the high splitting is one or two of these, the low splitting or splittings 
come from those that remain. Note that the relative orientations of these three splittings must appear as in Figure |6]but 
all three can be rotated together. 



JL 



)( 



(a) (b) (c) 

Figure 6. Splittings that can correspond to high and low states, allowing rotation of all three to- 
gether. 

It is then straightforward to check that if the high splitting yields 4 components, the low splitting must yield 2. If 
the high splitting yields 3 components, the low splitting must yield 1 or 3 components. If the high splitting yields 2 
components, the low splitting must yield 2 or 4. And if the high splitting yields 1 component, the low splitting must 
yield 1 or 3. Thus, \s max \ + \s min \ < 6. 

Suppose now that we have proved that for a connected projection with q quadruple crossings, \s max \ + |s mi „| < 4q+2. 
Given a connected quadruple crossing projection P with q + 1 quadruple crossings, choose one and split it as a high 
split. In the one case of a crossing of type C1234 where there are two possible high splits, choose the one that together 
with all the other high splits would yield the greatest number of components. After splitting, we have a projection P' of 
a link with q quadruple crossings. This projection has 1,2,3 or 4 connected components. Suppose first that it has four 
connected components, labelled L\,Lq.,hi and L4. Each of the components contains some number of the quadruple 
crossings, denoted q\,q2,q^ and q\ respectively. We label their max and min states as s' max ,• and s' min ; . 

Then by our induction hypothesis, \s' maxi \ + \s' mjn i \ < 4q t + 2 for each i. But \s max \ = J2 \ s 'max,i\ smce we s P^ t tne 
first crossing as a high split. To obtain |s m;n |, we take \s' mini \ for each component, but then we must change the first 
crossing we set from the high splitting to the low splitting. So the total number of components will go down by 2. 
Hence, \s min \ = £\ =1 \s' min J\ - 2.Thus, \s max \ + \s m m\ < X)ti( 4 <7; + 2 ) - 2 = 4 <? + 6 = 4(q + 1) + 2 as we wanted to show. 

In the case that the high split at the first crossing yields three components, the low split at the same crossing yields 
at most three components. Hence, \s max \ + |s m ,'„| < Y^=i(^9i + 2) = 4q + 6 = 4(q + 1) + 2 as we wanted to show. 

If the high split at the first crossing yields 2 components, the fact the low split can yield at most 4 components yields 
|*mo.v| + \smin\ < Si+i^i + 2) + 2 = 4-q + 6 = 4-(q + 1) + 2. Finally, if the high split yields only one component, the 
low split can yield at most three components so \s max \ = \s' max \ and |s mi „| < \s' min \ + 2. Thus, we have |s mflx | + |s m ;„| < 
(4q + 2) + 2 < 4(q + 1) + 2. Hence, in all cases, \s max \ + \s min \ < 4(q + 1) + 2. □ 

Corollary 3.4. For any nontrivial alternating knot or link K, q(K) > ^p. 
Proof. Results of [3], |4| and |7| yield the fact that for a reduced alternating knot, 



span(< K >) = 4c[K]. Hence, by Theorem 3.3 4c(K) < 16q(K), yielding the result. □ 



r+s-2 



Corollary 3.5. Let T r s denote an (r, s)-torus knot. Then q(T ns ) > i 

Proof. This follows immediately from the fact that follows from results in [3] that the span of the bracket polynomial 
for such a knot is 4(r + s - 2). □ 
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As we will see in the next section, this does yield the exact quadruple crossing number for the 2-braid knots, although 
we will not use this to prove it. 

4. Moves to obtain quadruple crossing number 
In this section, we exhibit in Figure [7] a collection of moves that allows one to convert certain standard double 



crossing projections of a knot into quadruple crossing projections. With these moves and Theorem 3.3 we can determine 
the quadruple crossing number of a variety of knots. 



Moves III and IV apply to regions of a projection containing 3 crossings. We call a region as appears on the left 
in those diagrams a 3-set. Note that Move IV is in fact a special case of Move EH. Similarly Moves V and VI apply 
to regions of a projection containing 4 crossings. We call such a region a 4-set. A single crossing is a 1-set and an 
alternating bigon is a 2-set. In order to turn a standard projection into a quadruple crossing projection, we will be 
looking to subdivide it into 4-sets and 3-sets, with the possibility of a 1-set or 2-set as well. 

Corollary 4.1. Let K be an alternating knot or link in a reduced alternating projection P with c crossings. 

(1) If c = 4k for some k > 0, and a reduced alternating projection can be subdivided into 4-sets, then q(K) = ^. 

(2) If c = 4k + 1, and a reduced alternating projection can be subdivided into a disjoint collection of all 4-sets, 
and a 3-set and a 2-set, or all 4-sets and a 1-set, or all 4-sets and three 3-sets, then q(K) = 

(3) If c = 4k + 2, and a reduced alternating projection can be subdivided into a disjoint collection of all 4-sets and 
a 2-set, or all 4-sets, and two 3-sets, then q(K) = ^p 

(4) Ifc = 4k + 3, and a reduced alternating projection can be subdivided into a disjoint collection of all 4-sets and 
one 3-set, then q(K) = 



Proof. By Theorem 3.3 we obtain a lower bound on quadruple crossing number which exactly matches the upper 
bound obtained by the number of sets in our subdivision of the projection, each set of which becomes a single quadruple 
crossing. □ 

This corollary is relatively effective at determining the quadruple crossing number of small crossing alternating 
knots. (See Table [T]) For instance, for the 5,6,7 and 9-crossing prime alternating knots, it determines exactly the 
quadruple crossing number for all except 1§, 7j, 926, 9u, 9j,2, 933, 934, and 940. It is less effective at determining the 
quadruple crossing number of the 8-crossing knots, only determining q = 2 for 83, 84 and 89. However, by determining 
all knots generated by projections with q = 2, and using Move VII on 819, 820 ad 821, the quadruple crossing number 
of 7(, and 7j and all 8-crossing knots except four is determined. Corollary |4.1| also allows us to determine that the 
quadruple crossing number is 3 for many of the prime 10-crossing knots. Note that for IO33 and IO34, one must go to 
non-alternating 11-crossing diagrams to obtain the necessary decomposition into sets. Any prime 10-crossing knot that 
does not appear in the table has unknown quadruple crossing number. 

Corollary |4. 1 | applies to various infinite families of knots and links, including a variety of pretzel knots and rational 
knots. We mention two particularly simple families here. 

Corollary 4.2. (1) Let K n be a 2-braid knot or link ofn crossings. Then q(K„) = \^~\. 
(2) Let J n be a rational knot with alternating Conway notation 3 a. Then q(J n ) = T^p]- 

Proof. In the case of K n , the four cases of Corollary |4T| yield the result. In the case of J n , there is a 4-set coming from 
the 3 and the first crossing in the sequence of a crossings. The remaining a - 1 crossings can be either subdivided into 
all 4-sets, if 3 + a = 4k, or one 1 -set and the rest 4-sets if 3 + a = 4k + 1 , or one 2-set and the rest 4-sets if 3 + a = 4k + 2 
or one 3-set and the rest 4-sets if 3 + a = 4k + 3. □ 
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(a) Move I (holds for any 
choice at crossing) 




(b) Move II (holds for any 
choice at crossings) 




(c) Move III (holds for any 
choice at crossing) 




(d) Move IV 




(g) Move VII 



Figure 7. Moves to obtain quadruple crossings. 
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9l9 


3 


IO12 


3 


IO54 


7 


7 6 


3 


9 20 


3 


IO13 


3 


IO55 


7 


7 7 


3 


9 2 i 


3 


10l 4 


3 


10 5 6 


? 


81 


3 


9 22 


3 


IO15 


3 


IO57 


? 


82 


3 


9 23 


3 


10l6 


3 


io 58 


7 


83 


2 


9 24 


3 


IO17 


7 


IO59 


? 


84 


2 


925 


3 


10l8 


3 


io 60 


? 


85 


3 


9 26 


? 


IO19 


3 


10 6 i 


3 


8 6 


3 


9 2 7 


3 


10 2 (, 


3 


10 62 


3 


87 


3 


9 28 


3 


IO21 


3 


10 63 


3 


8g 


3 


9 29 


3 


IO22 


3 


10 64 


3 


89 


2 


9 3 o 


3 


10 23 


3 


io 65 


3 


810 


3 


9 3 1 


? 


10 24 


3 


10 6 6 


3 


811 


3 


9 32 


7 


10 25 


3 


IO74 


3 


812 


3 


9 33 


7 


10 26 


3 


IO76 


3 


813 


? 


9 34 


7 


10 27 


7 


IO77 


3 


814 


3 


9 35 


3 


io 28 


3 


IO124 


3 


815 


3 


9 36 


3 


1029 


3 


10,25 


3 


816 


? 


9 37 


3 


1030 


3 


IO126 


3 


817 


7 


9 38 


3 


1031 


3 


IO127 


3 


8 18 


? 


9 39 


3 


1032 


3 


IO130 


3 


819 


2 


9 40 


7 


1033 


3 


IO131 


3 


820 


2 


9 4 1 


3 


1034 


3 


IO134 


3 


821 


2 


9 42 


3 


1035 


3 


IO135 


3 


9i 


3 


9 43 


3 


10 36 


3 


IO139 


3 


9 2 


3 


9 44 


3 


IO37 


? 


IO140 


3 


9 3 


3 


9 45 


3 


io 38 


? 


IO142 


3 


9 4 


3 


9 46 


2 


IO39 


? 


IO144 


3 


9 5 


3 


9 47 


7 


IO40 


? 


IO142 


3 


% 


3 


9 48 


3 


IO41 


? 


10i4S 


3 


9 7 


3 


9 49 


3 


10 42 


? 


lOifil 


3 



Table 1 . Known quadruple crossing numbers. 



